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Abstract: This paper invsetigates both analytically and numerically the effect of narrow band frequency modulated (NBFM) signal on horseshoe chaos in nonlinearly damped
Duffing-vander Pol oscillator (DVP) system. Using the Melnikov analytical method, we
obtain the threshold condition for the onset of horseshoe chaos. Threshold curves are
drawn in various parameters spaces. We identify the regions of horseshoe chaos in various
parameters spaces and bring out the effect of NBFM signal in DVP system. We illustrate
that by varying the parameters f , g, p, one can suppress or enhance horseshoe chaos. We
confirm the analytical results by the numerical tools such as computation of stable and
unstable manifolds of saddle and threshold curves.
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Introduction

Over the past decades, a large number of analytical, numerical and experimental studies
have been carried out on linearly damped nonlinear oscillator systems with an effort to
understand the various features associated with the occurrence of chaotic behaviour [110]. Recently there have been attempts to study the effect of external periodic forces in
certain nonlinearly damped nonlinear systems [11-25].
Horseshoe is the occurrence of transverse intersections of stable and unstable manifolds of a saddle fixed point in the Poincaré map and is a global phenomenon. In general,
the existence of horseshoe does not imply that typical trajectories will be asymptotically
chaotic. However the orbits created by the horseshoe mechanism display an extremely
sensitive dependence on initial conditions and possibly exhibit either a chaotic transient
before settling to stable orbits or strange attractor. Its appearance can be predicted analytically employing the Melnikov technique. Recently this method has been applied to
certain nonlinear systems [5-11,13-19]. Nonlinearly damped Duffing-vander pol (DVP)
oscillator under the influence of narrow band frequency modulated (NBFM) signal considered in the present paper is of the form
ẍ + γ ẋ (1 − x2 )|ẋ|p−1 − α2 x + βx3 = f (cos ωt − g sin Ωt sin ωt)

(1)

where γ > 0, α, β, ω, Ω, p and f are constant parameters. DVP oscillator equation (Eq.1)
serves as a basic model for self excited oscillations in Physics, Engineering, Electronics,
Biology, Neurology and many other disciplines [1-8]. Recently the NBFM signal has been
applied to certain nonlinear systems to investigate some nonlinear phenomena such as
homoclinic bifurcations, stochastic and vibrational resonances etc. [26-29]. Our objective
here is to explore the effect of NBFM signal on horseshoe chaos in Eq.(1) using both
analytical and numerical techniques. In our present analysis, we use Melnikov analytical
method to study the influence of NBFM signal on homoclinic orbits in Eq.(1).

2

Analytical results

In order to apply the Melnikov method to Eq.(1) we consider the system
ẋ = y
ẏ = α2 x + βx3 + [γ (1 − x2 )y|y|p−1 + f (cos ωt − g sin Ωt sin ωt)]

(2a)
(2b)

where  is a small parameter. The unperturbed part of the system (Eq.2) with  = 0 has
one saddle point (x∗ , y ∗ ) = (0, 0) and two center type fixed points (x∗ , y ∗ ) = (± √αβ , 0).
The two homoclinic orbits connecting the saddle to itself are given by
r
r
2
2
±
2
W (xh (τ ), yh (τ )) = (±α
sechατ, ∓α
sechατ tanhατ ),
τ = t − t0
(3)
β
β
The Melnikov theory [1, 2, 30] allows us to calculate the Melnikov function M (t0 ) for a
classes of perturbed system for which homoclinic or heteroclinic orbit is known either analytically or numerically. M (t0 ) is proportional to the distance between the stable manifold
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(Ws ) and unstable manifold (Wu ) of a saddle. When the stable and unstable manifolds are
separated then the sign of M (t0 ) always remains same. M (t0 ) oscillates when Ws and Wu
intersects transversely (horseshoe dynamics). The occurrence of transverse intersections
implies the Poincaré map of the system has the so called horseshoe chaos.
From Eq.(2), the Melnikov function is worked out to be
Z

±

+∞
p+1

x2h

+∞

Z



yh cos ω(τ + t0 ) dτ
dτ + f
M (t0 ) = −γ
|yh |
1−
−∞
−∞
Z
Z
f g +∞
f g +∞
−
yh cos(Ω − ω)(τ + t0 ) dτ +
yh cos(Ω + ω)(τ + t0 ) dτ
2 −∞
2 −∞

(4)

Let ω1 = (Ω − ω), ω2 = (Ω + ω) and G1 = f g/2
∴ the Eq.(4) becomes,
Z

±

M (t0 ) = −γ
Z
−G1

+∞
p+1

|yh |

1−

x2h

Z



dτ + f
−∞
Z
+∞
yh cos ω1 (τ + t0 ) dτ + G1

−∞

=

+∞

yh cos ω(τ + t0 ) dτ
−∞
+∞

yh cos ω2 (τ + t0 ) dτ

(5)

−∞

I1

+

I2

+

I3

+

I4

(i) Evaluation of I1
From Eq.(5), we have
Z

∞

I1 = −γ

|yh |p+1 (1 − x2h ) dτ

−∞

Z

∞
p+1

= −γ

| yh |

Z

∞

dτ + γ

−∞

| yh |p+1 x2h dτ

−∞

=

I11

+

I12

The evaluation of the integrals I11 and I12 gives the following results.
2 p+ 21

I11 = −γ(α )

3

I12 = γ(α2 )p+ 2


  p+1

2 2
p+2 p+1
B
,
β
2
2
  p+3


2 2
p+2 p+3
B
,
β
2
2

Therefore,
2 p+ 21

I1 = −γ(α )

  p+1


  p+3


2 2
p+2 p+1
2 2
p+2 p+3
2 p+ 23
B
,
B
,
+ γ(α )
(6)
β
2
2
β
2
2

44

Sethumeenakshi, et al.

where B(m, n) is the Euler Beta function which can be easily evaluated in terms of the
Euler Gamma function. The relation connecting the Beta and Gamma function is
B(m, n) =

Γ(m)Γ(n)
Γ(m + n)

where Γ(m) denotes the Euler Gamma function
Z ∞
e−x xn−1 dx,
Γ(n) =

(7)

n>0

(8)

0

(ii) Evaluation of I2
From Eq.(5) we have,
Z ∞
I2 = f
yh cos ω(τ + t0 ) dτ
−∞
Z ∞
= f
yh (cos ωτ cos ωt0 − sin ωτ sin ωt0 ) dτ
−∞
Z ∞
Z ∞
= f cos ωt0
yh cos ωτ dτ − f sin ωt0
yh sin ωτ dτ
−∞

=

−∞

I21

+

I22

After the evaluation of the integral I21 , the integral value of I21 = 0. The value of integral
I22 is worked out to be
Z ∞ r
2
I22 = ±f sin ωt0
α2
sechατ tanh ατ sin ωτ dτ
β
−∞
r
h πω i
2
sin ωt0
= ±
f πω sech
β
2α
Therefore,
r
I2 = ±

h πω i
2
f πω sech
sin ωt0
β
2α

(9)

(iii) Evaluation of I3
From Eq.(5) we have,
Z ∞
I3 = −G1
yh cos ω1 (τ + t0 ) dτ
−∞
Z ∞
= −G1
yh (cos ω1 τ cos ω1 t0 − sin ω1 τ sin ω1 t0 ) dτ
−∞
Z ∞
Z ∞
= −G1
yh cos ω1 τ cos ω1 t0 dτ + G1
yh sin ω1 τ sin ω1 t0 dτ
−∞

=

−∞

I31

+

I32
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The integral value of I31 is zero. The value of integral I32 is worked out to be
Z ∞
I32 = G1
yh sin ω1 τ sin ω1 t0 dτ
−∞
Z ∞ r
2
α2
I32 = −G1 sin ω1 t0
sechατ tanh ατ sin ω1 τ dτ
β
−∞
r
h πω i
2
1
= ∓G1
πω1 sech
sin ω1 t0
β
2α
Therefore,
r
I3 = ∓G1

h πω i
2
1
πω1 sech
sin ω1 t0
β
2α

(10)

(iv) Evaluation of I4
Like the evaluation of I3 , the integral value of I4 is obtained as
r
h πω i
2
2
I4 = ±G1
πω2 sech
sin ω2 t0
β
2α

(11)

Therefore, Eq.(5) becomes
M ± (t0 ) = A + B ± C f sin ωt0 ± D G1 sin ω1 t0 ± E G1 sin ω2 t0

(12a)

where
A =
B =
C =
D =
E =

3

  p+1


2 2
p+2 p+1
−γ(α )
B
,
β
2
2
  p+3


2 2
p+2 p+3
2 p+ 23
γ(α )
B
,
β
2
2
r
h
i
2
πω
πω sech
β
2α
r


2
π(Ω − ω)
−
π(Ω − ω) sech
β
2α
r


2
π(Ω + ω)
π(Ω + ω) sech
β
2α
2 p+ 21

(12b)
(12c)
(12d)
(12e)
(12f)

Numerical results

In this section we investigate the effect of NBFM signal on horseshoe chaos both analytically and numerically in the system (Eq.2) with the frequencies Ω = ω and Ω 6= ω cases
respectively.
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Effect of NBFM signal on horseshoe chaos for G1 = 0 and
Ω=ω

For G1 = 0 and ω = Ω, the Eq.(12) becomes,
M ± (t0 ) = A + B ± C f sin ωt0

(13a)

The necessary condition for the occurrence of horseshoe chaos is
  p2 2 p+ 1  



 πω 
(α ) 2
2
p+2 p+1
2 2
p+2 p+1
| f | ≥ | fm | = γ
B
,
− α B
,
cosh
β
πΩ
2
2
β
2
2
2α
(13b)
The sufficient condition requires the existence of simple zeros of M (t0 ). Equality sign
in Eq.13(b) corresponds to tangential intersections. In Fig.1, we plotted the threshold
curve for horseshoe chaos in the (f, Ω(= ω)) plane for α = 1.0, β = 5.0, γ = 0.4 and
various p values.

Figure 1: Melnikov threshold curves for horseshoe chaos in the (f, Ω(= ω)) plane for
the system (Eq.2) driven by NBFM signal for various p values. The values of the other
parameters in Eq.(2) are α = 1.0, β = 5.0, γ = 0.4 and g = 0.0.
Below the curve, no transverse intersections of stable (Ws± ) and unstable (Wu± ) manifolds of the saddle occurs and above the curve, transverse intersections of stable (Ws± )
and unstable (Wu± ) occurs. Just above the Melnikov threshold curve, onset of cross-well
chaos is expected. We have verified the analytical prediction by directly integrating the
Eq.(2) using the fourth-order Runge-Kutta method. As an example, Fig.2 shows the part
of the numerically computed stable and unstable orbits in the Poincaré map for f = 0.1
and f = 0.3 with p = 0.5 and Ω = ω = 1. The unstable manifolds are obtained by
integrating the Eq.(1) in the forward time for a set of 900 initial conditions chosen around
the perturbed saddle point. The stable manifolds are obtained by integrating the Eq.(1)
in reverse time. For f = 0.1 the two orbits are well separated. In this parametric regime,
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Figure 2: Numerically computed stable and unstable manifolds of the saddle fixed point
of the system (Eq.2) driven by NBFM signal for (a) f = 0.1 and (b) f = 0.3 with
p = 0.5. The values of the other parameters in Eq.(2) are α = 1.0, β = 5.0, γ = 0.4 and
Ω = ω = 1.0.

one may expect periodic behaviour. For f = 0.3 we can clearly notice transverse intersections of orbits at three places (Fig.2(b)). In this region, it is possible to have either
asymptotic chaos or transient chaos followed by asymptotic periodic behaviour.
In order to know the nature of the attractors of the system near the horseshoe threshold
value we have further numerically studied the Eq.(1) and the onset of cross-well chaos.
Fig.3 shows the bifurcation and the corresponding maximal Lyapunov exponent diagrams
for p = 1.0 and p = 2.0 with g = 0.0. From Fig.3, the onset of cross-well chaos are
found to occur at f = 0.12334 for p = 1.0 and f = 0.09674 for p = 2.0. The analytically
predicted Melnikov threshold values (fM ) for p = 1.0 and p = 2.0 are 0.125 and 0.09754.
The analytical prediction is in good agreement with the actual numerical analysis of the
system.

3.2

Effect of NBFM signal on horseshoe chaos for G1 6= 0 and
Ω=ω

First we consider the effect of NBFM signal on horseshoe chaos in the system (Eq.2) by
fixing the value of g and thereby varying f . For Ω = ω, we have D=0 in Eq.12(e) and the
Melnikov function given by Eq.12(a) becomes,
M ± (t0 ) = A + B ± C f sin ωt0 ± E G1 sin 2ωt0

(14a)

The necessary condition for the occurrence of horseshoe chaos is
±
f ≥ fM
= (A + B ± EG1 ) / C

(14b)

0±
f ≤ fM
= (−A − B ∓ EG1 ) / C

(14c)

(or)
where the superscripts sign 0 +0 and 0 −0 correspond to the homoclinic orbits W + and W −
respectively.
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Figure 3: Bifurcation and the corresponding maximal Lyapunov exponent diagrams for
the system (Eq.1) driven by NBFM signal for (a-b) p = 1.0 and (c-d) p = 2.0. The values
of the other parameters in Eq.(1) are α = 1.0, β = 5.0, γ = 0.4, g = 0.0 and Ω = ω = 1.0.

Figure 4: Melnikov threshold curves for horseshoe chaos in the (f, Ω(= ω)) plane for
the system (Eq.2) driven by NBFM signal for four p values. The values of the other
parameters in Eq.(2) are α = 1.0, β = 5.0, γ = 0.4 and g = 0.1.
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Figure 4 shows the threshold curves for the occurrence of horseshoe chaos in the
(f, Ω(= ω)) plane for Ω = ω, α = 1.0, β = 5.0, γ = 0.4, g = 0.1 and various p values. In
the regions a and e both M + (t0 ) and M − (t0 ) change sign and the transverse intersections
of stable and unstable parts of W + and W − occur. M + (t0 ) alone changes sign in the region
b and hence transverse intersections of orbits of W + occur. In region c, no transverse
intersections of both stable and unstable manifolds of saddle occur. In the region d,
transverse intersections of (Wu− ) and unstable (Ws− ) alone take place. We verified this by
direct simulation of the system (Eq.2). As an example, Fig.5 shows the part of stable and
unstable orbits in the Poincaré map for four values of f chosen in the regions a, b, c and
d with Ω = ω = 1, g = 0.1 and p = 2.0. Transverse intersections

Figure 5: Numerically computed stable and unstable manifolds of the saddle fixed point
of the system (Eq.2) driven by NBFM signal for four values of f chosen in the regions a,
b, c and d with p = 2.0 and g = 0.1. The values of the other parameters in Eq.(2) are
α = 1.0, β = 5.0, γ = 0.4 and Ω = ω = 1.0.
of stable and unstable branches of both the homoclinic orbits Ws± and Wu± can be
clearly seen in Fig.5(a) for f = 0.15 which falls in the region a. In Fig.5(b) we see the
intersections of Ws+ and Wu+ orbits alone at one place for f = 0.02 (region b) while for
f = −0.008 (region c) no transverse intersection of orbits occur. This is shown in Fig.5(c).
For f = −0.04 (Fig.5(d)) which corresponds to the region d, branches Ws− and Wu− alone
intersect.
Next we analyze the effect of NBFM signal on horseshoe chaos for a fixed value of f
and thereby varying g. The necessary condition on g for M (t0 ) to change sign is
G1 ≥ G±
1M = (A + B ± Cf ) / E
0

±
G1 ≤ G1M
= (−A − B ∓ Cf ) / E

(15a)
(15b)

50

Sethumeenakshi, et al.

Figure 6: Melnikov threshold curves for horseshoe chaos in the (g, Ω(= ω)) plane for
the system (Eq.2) driven by NBFM signal for four p values. The values of the other
parameters in Eq.(2) are α = 1.0, β = 5.0, γ = 0.4, and f = 0.2.

Figure 7: Numerically computed stable and unstable manifolds of the saddle fixed point
of the system (Eq.2) driven by NBFM signal for five values of g with p = 2.0. The values
of the other parameters in Eq.(2) are α = 1.0, β = 5.0, γ = 0.4 f = 0.2 and Ω = ω = 1.0.
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Figure 8: Melnikov threshold curves for horseshoe chaos in the (g, Ω(= ω)) plane for
the system (Eq.2) driven by NBFM signal for four p values. The values of the other
parameters in Eq.(2) are α = 1.0, β = 5.0, γ = 0.4 and f = 1.0.
Figure 6 shows the Melnikov threshold curves for horseshoe chaos in the (g, Ω(= ω))
plane for f = 0.2 with four values of p. For p = 2.0, we have verified the above analytical
results by direct simulation of the system (Eq.2). Figure 7 shows the part of stable and
unstable orbits in the Poincaré map for five values of g chosen in the regions a, b, c, d
and e with Ω = ω = 1 and f = 0.2. Then we fixed f = 1.0 above the threshold values
for all the values of p with g = 0.0 and studied the effect of modulating term by varying
g. Figure 8 shows the Melnikov threshold curves for f = 1.0. When f = 1.0 and g = 0.0
transverse intersections of stable and unstable manifolds of saddle occur for a range of
ω (see Fig.1). This is represented by the straight line in Fig.8. When g is switched on
even for small values of g, transverse intersections suddenly disappear. That is horseshoe
chaos is suppressed. This occurs for a range of values of g.

3.3

Effect of NBFM signal on horseshoe chaos for G1 6= 0 and
Ω 6= ω

In the previous section we studied the effect of NBFM signal on horseshoe chaos for the
case of Ω = ω. In this section, we consider the case Ω 6= ω. For this case, we cannot write
the necessary condition for the occurrence of horseshoe chaos similar to Eq.(14) or (15).
However the occurrence of horseshoe chaos can be studied numerically measuring the
time τM elapsed between the successive transverse intersection. τM can be determined
√
±
from Eq.(12). Figure 9 shows the variation of 1/τM
versus f for ω = 1.0, Ω = 2,
α = 1.0, β = 5.0, γ = 0.4, g = 0.1 and four values of p. Continuous curves represent
±
the inverse of first intersection time 1/τM
of stable and unstable branches of homoclinic
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√
±
Figure 9: Variation of 1/τM
versus f for g = 0.1, ω = 1.0, Ω = 2 and four values of p.
The values of the other parameters in Eq.(2) are α = 1.0, β = 5.0 and γ = 0.4.

√
±
Figure 10: Variation of 1/τM
versus g for f = 0.2, ω = 1.0, Ω = 2 and four values of p.
The values of the other parameters in Eq.(2) are α = 1.0, β = 5.0 and γ = 0.4.
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orbits W + . Dashed curves correspond to the orbits of W − . Horseshoe chaos does not
±
±
occur when 1/τM
is zero and it occurs in the region when 1/τM
> 0. In Fig.9, when
±
the value of g is fixed at 0.1, 1/τM
are zero for 0 < f < 0.35792 for p = 0.1 (Fig.9(a)),
0 < f < 0.13785 for p = 0.5 (Fig.9(b)), 0 < f < 0.01935 for p = 1.0 (Fig.9(c)) and
±
hence no horseshoe chaos occurs in this interval of f . For the other values of f , 1/τM
are
±
nonzero, that is, horseshoe chaos occurs. Figure 10 shows
√ the plot of 1/τM± against g for
α = 1.0, β = 5.0, γ = 0.4, f = 0.2, ω = 1.0 and Ω = 2. In Fig.10, 1/τM are zero for
0 < g < 0.25227 for p = 0.1 (Fig.10(a)) and 0 < g < 0.03458 for p = 0.5 (Fig.10(b)). For
±
other values of g, 1/τM
are nonzero.

4

Conclusion

The study of the effect of NBFM signal on horseshoe chaos is carried out in nonlinearly
damped DVP system (Eq.2). Both analytically and numerically we studied the effect of
NBFM signal on horseshoe chaos in DVP system (Eq.2). Applying Melnikov analytical
method we obtained the threshold condition for onset of horseshoe chaos, that is, transverse intersection of stable and unstable branches of homoclinic orbits. Threshold curves
are drawn on different parameters spaces. We demonstrated the effect of the parameters
f, g, Ω and p on the dynamics of the system (Eq.2).
When the damping exponent (p) increases from small values, the threshold value
decreases for onset of horseshoe chaos. The introduction of nonlinear damping term
affects the various nonlinear behaviours such as period doubling route to chaos, crises,
threshold values for the horseshoe chaos etc. For typical parametric values, we have
shown the suppression and enhancement of horseshoe chaos due to the effect of nonlinear
damping and NBFM signal. Analytical prediction of horseshoe chaos is found to be in
good agreement with numerical simulation of the system (Eq.2). In the present work, we
studied the effect of NBFM signal on horseshoe chaos in system (Eq.2) with symmetric
potential. It is important to study the effect of nonlinear damping and NBFM signal with
three different asymmetric potentials . These will be investigated in future.
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